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ON THE ACTION OF THE STEENROD ALGEBRA ON THE
MODULAR INVARIANTS OF SPECIAL LINEAR GROUP
NGUYỄN SUM
Abstract. We compute the action of the Steenrod algebra on generators
of algebras of invariants of special linear group SLn = SL(n,Z/p) in the
polynomial algebra with p an odd prime number.
1. Introduction
For an an odd prime p, let SLn denote the special linear subgroup of
GL(n,Z/p), which acts naturally on the cohomology algebra H∗(B(Z/p)n).
Here and in what follows, the cohomology is always taken with coefficients in
the prime field Z/p.
According to [3], H∗(B(Z/p)n) = E(x1, . . . , xn)⊗P (y1, . . . , yn) with dimxi =
1, yi = βxi, where β is the Bockstein homomorphism, E(., . . . , .) and P (., . . . , .)
are the exterior and polynomial algebras over Z/p generated by the variables
indicated. Let (ek+1, . . . , en), k > 0,be a sequence of non-negative integers.
Following Mùi [2], we define
[k; ek+1, . . . , en] = [k; ek+1, . . . , en](x1, . . . , xn, y1, . . . , yn)
by
[k; ek+1, . . . , en] =
1
k!
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x1 · · · xn
... · · ·
...
x1 · · · xn
yp
ek+1
1 · · · y
pek+1
n
... · · ·
...
yp
en
1 · · · y
pen
n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
The precise meaning of the right hand side is given in [2]. For k = 0, we write
[0; e1, . . . , en] = [e1, . . . , en] = det
(
yp
ej
i
)
.
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We set
Ln,s = [0, . . . , sˆ, . . . , n], 0 6 s 6 n,
Ln = Ln,n = [0, . . . , n− 1].
Each [k; ek+1, . . . , en] is an invariant of SLn and [e1, . . . , en] is divisible by
Ln. Then Dickson invariants Qn,s, 0 6 s 6 n, and Mùi invariants Mn,s1,...,sk ,
0 ≤ s1 < . . . < sk ≤ n are defined by
Qn,s = Ln,s/Ln,
Mn,s1,...,sk = [k; 0, . . . , sˆ1, . . . , sˆk, . . . , n− 1].
Note that Qn,n = 1, Qn,0 = L
p−1
n , Mn,0,...,n−1 = [n; ∅] = x1 . . . xn.
Mùi proved in [2] that H∗(B(Z/p)n)SLn is the free module over the Dickson
algebra P (Ln, Qn,1, . . . , Qn,n−1) generated by 1 and Mn,s1,...,sk with 0 ≤ s1 <
. . . < sk ≤ n.
The Steenrod algebra A(p) acts on H∗(B(Z/p)n) by well-known rules. Since
this action commutes with the action of SLn, it induces an action of A(p) on
H∗(B(Z/p)n)SLn .
Let τs and ξi be the Milnor elements of dimensions 2p
s − 1 and 2pi − 2,
respectively, in the dual algebra A(p)∗ of A(p). Milnor showed in [5] that
A(p)∗ = E(τ0, τ1, . . .)⊗ P (ξ1, ξ2, . . .).
So, A(p)∗ has a basis consisting of all monomials τSξR = τs1 . . . τstξ
r1
1 . . . ξ
rm
m
with S = (s1, . . . , st), 0 6 s1 < . . . < st, R = (r1, . . . , rm). Let St
S,R ∈ A(p)
denote the dual of τSξ
R with respect to this basis of A(p)∗. Then A(p) has a
new basis consisting of all operations StS,R. In particular, for S = ∅, R = (k),
StS,R is nothing but the Steenrod operation P k.
The action of P k on Dickson and Mùi invariants was explicitly computed by
Hưng and Minh [4]. The action of StS,R on the invariant [n, ∅] = x1 . . . xn was
computed by Mùi [3].
In this paper, we compute the action of StS,R on [k; ek+1, . . . , en] and prove
a nice relation between the invariants [k; ek+1, . . . , en + s], 0 6 s 6 n, and the
Dickson invariants. Using these results, we explicitly compute the action of P k
on Mùi invariants Mn,s1,...,sk which was first computed in Hưng and Minh [4]
by another method.
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To state the main results, we introduce some notations. Let J = (J0, J1,
. . . , Jm) with Js ⊂ {k + 1, . . . , n}, 0 6 s 6 m, and
∐m
s=0 Js = {k + 1, . . . , n}
(disjoint union). We define the sequence RJ = (rJ1 , . . . , rJm) and the function
ΦJ : {k + 1, . . . , n} → {1, . . . ,m} by setting
rJs =
∑
j∈Js
pej , 0 6 s 6 m,
ΦJ(i) = s if i ∈ Js, k + 1 6 i 6 n.
The main result of this paper is
Theorem 1.1. Suppose that ei 6= ej for i 6= j, S = (s1, . . . , st), s1 < . . . <
st < m. Under the above notation we have
StS,R[k; ek+1, . . . , en]
=


(−1)t(k−t)[k − t, s1, . . . , st, ek+1 +ΦJ(k + 1), . . . , en +ΦJ (n)],
R = RJ , for some J,
0, otherwise.
We have also the following relation from which we can explicitly compute
StS,R[k; ek+1, . . . , en] in terms of Dickson and Mùi invariants.
Proposition 1.2. For 0 6 k 6 n,
[k; ek+1, . . . , en−1, en + n] =
n−1∑
s=0
(−1)n+s−1[k; ek+1, . . . , en−1, en + s]Q
pen
n,s .
Using Theorem 1.1 and Proposition 1.2 we explicitly compute the action
of StS,R on Mùi invariant Mn,s1,...,sk when S, R are special. Particularly, we
prove
Theorem 1.3 (Hưng and Minh [4]). For s0 = −1 < s1 < . . . < sk < sk+1 = n,
P tMn,s1,...,sk =

Mn,t1,...,tk , t =
k∑
i=1
psi−pti
p−1 , with si−1 < ti 6 si,
k+1∑
i=1
(−1)k+1−iMn,t1,...,tˆi...,tk+1Qn,ti , t =
k+1∑
i=1
psi−pti
p−1 , with si−1 < ti 6 si,
1 6 i 6 k + 1, tk+1 < sk+1 = n,
0, otherwise.
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2. Proof of Theorem 1.1
First we recall Mùi’s results on the homomorphism d∗mPm and the operations
StS,R.
LetApm be the alternating group on pm letters. Suppose thatX is a topolog-
ical space, WApm is a contractible Apm -free space. Then we have the Steenrod
power map
Pm : H
q(X) −→ Hp
mq
(
WApm ×
Apm
Xp
m)
,
which sends u to 1⊗ up
m
at the cochain level (see [6; Chap. VII]).
The inclusion (Z/p)n ⊂ Apm together with the diagonal map X → Xp
m
and
the Ku¨nneth formula induces the homomorphism
dm : H
∗
(
WApm ×
Apm
Xp
m)
−→ H∗(B(Z/p)n)⊗H∗(X).
Set M˜m,s =Mm,sL
h−1
m , 0 6 s < m, L˜m = L
h
m, h = (p− 1)/2. We have
Theorem 2.1 (Mùi [3; 1.3]). Let u ∈ Hq(X), µ(q) = (−1)hq(q−1)/2(h!)q.
Then
d∗mPm(u) = µ(q)
m
∑
S,R
(−1)r(S,R)M˜m,s1 . . . M˜m,stL˜
r0
mQ
r1
m,1 . . .Q
rm−1
m,m−1 ⊗ St
S,Ru.
Here the summation runs over all (S,R) with S = (s1, . . . , st), 0 6 s1 < . . . <
st < m, R = (r1, . . . , rm), r0 = q − t − 2(r1 + . . . + rm) > 0, r(S,R) =
t+ s1 + . . .+ st + r1 + 2r2 + . . .+mrm.
Proposition 2.2 (Mùi [2, 3]).
i) d∗mPm is a natural homomorphism preserving cup product up to a sign.
Precisely,
d∗mPm(uv) = (−1)
mhqrd∗mPmud
∗
mPmv,
with q = dim u, r = dim v.
ii) d∗mPmyi =
m∑
s=0
(−1)m+sQm,s ⊗ y
ps
i .
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iii) d∗mPm(x1 . . . xn) =
µ(n)m
∑
06s1<...<st<m
(−1)t(n−t)+r(S,0)M˜m,s1 . . . M˜m,st L˜
n−t
m ⊗ [n−t, s1, . . . , st].
Here xi and yi are defined as in the introduction.
Lemma 2.3. If ei 6= ej for i 6= j, then
d∗mPm[e1, . . . , en]
=
∑
J=(J0,...,Jm)
(−1)mn+r(∅,RJ)L˜
2rJ0
m Q
rj1
m,1 . . .Q
rjm−1
m,m−1
⊗ [e1 +ΦJ(1), . . . , en +ΦJ (n)],
where RJ and ΦJ are defined as in Theorem 1.1.
Proof. Let Σn be the symmetric group on n letters. Then
[e1, . . . , en] =
∑
σ∈Σn
signσ
n∏
i=1
yp
eσ(i)
i .
From Proposition 1.2, we have
d∗mPm
( n∏
i=1
yp
eσ(i)
i
)
=
n∏
i=1
(
d∗mPmyi
)peσ(i)
=
n∏
i=1
( m∑
s=0
(−1)m+sQp
eσ(i)
m,s ⊗ y
p
eσ(i)+s
i
)
.
Expanding this product and using the definitions of ΦJ , RJ and the assumption
of the lemma, we get
d∗mPm
( n∏
i=1
yp
eσ(i)
i
)
=
∑
J
(−1)mn+r(∅,RJ)Q
rJ0
m,0 . . . Q
rjm−1
m,m−1 ⊗
n∏
i=1
yp
eσ(i)+ΦJ (σ(i))
i .
Hence, from the above equalities we obtain
d∗mPm[e1, . . . , en]
=
∑
J
(−1)mn+r(∅,RJ)Q
rJ0
m,0 . . . Q
rjm−1
m,m−1 ⊗
∑
σ∈Σn
signσ
n∏
i=1
yp
eσ(i)+ΦJ (σ(i))
i
=
∑
J
(−1)mn+r(∅,RJ)Q
rJ0
m,0 . . . Q
rjm−1
m,m−1 ⊗ [e1 + ΦJ(1), . . . , en +ΦJ(n)].
Since Qm,0 = L˜
2
m, the lemma is proved. 
2.4. Proof of Theorem 1.1. Let I be a subset of {1, . . . , n} and I ′ is its
complement in {1, . . . , n}. Writing I = (i1, . . . , ik) and I ′ = (ik+1, . . . , in) with
i1 < . . . < ik and ik+1 < . . . < in. We set xI = xi1 . . . xik , [ek+1, . . . , en]I =
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[ek+1, . . . , en](yik+1 , . . . , yin) and σI =
(
1 . . . n
i1 . . . in
)
∈ Σn. In [2; I.4.2], Mùi
showed that
[k; ek+1, . . . , en−1, en] =
∑
I
signσIxI [ek+1, . . . , en]I .
From Proposition 2.2 and Lemma 2.3 we have
d∗mPm(xI) = µ(k)
m
∑
06s1<...<st<m
(−1)t(k−t)+r(S,0)M˜m,s1 . . . M˜m,stL˜
k−t
m
⊗ [k − t, s1, . . . , st]I ,
where [k − t, s1, . . . , st]I = [k − t, s1, . . . , st](xi1 , . . . , xik , yi1 , . . . , yik),
d∗mPm[ek+1, . . . , en]I
=
∑
J=(J0,...,Jm)
(−1)m(m−k)+r(∅,RJ )L˜
2rJ0
m Q
rj1
m,1 . . . Q
rjm−1
m,m−1⊗
[ek+1 +ΦJ(k + 1), . . . , en +ΦJ(n)]I .
Set q = dim[k; ek+1, . . . , en] = k + 2(p
ek+1 + . . . + pen). An easy computation
shows that µ(q) = (−1)n−kµ(k) and r(S, 0) + r(∅, R) = r(S,R). Hence from
Proposition 2.2 and the above equalities we get
d∗mPm[ek+1, . . . , en]
= µ(q)m
∑
S,J
(−1)t(t−k)+r(S,RJ)Mm,s1 . . . M˜m,stL˜
k−t+2rJ0
m Q
rj1
m,1 . . . Q
rjm−1
m,m−1⊗
∑
I
signσI [k − t, s1, . . . , st]I [ek+1 +ΦJ(k + 1), . . . , en +ΦJ(n)]I .
Then, using the Laplace development we obtain
d∗mPm[ek+1, . . . , en]
= µ(q)m
∑
S,J
(−1)t(t−k)+r(S,RJ)Mm,s1 . . . M˜m,stL˜
k−t+2rJ0
m Q
rj1
m,1 . . . Q
rjm−1
m,m−1⊗
[k − t, s1, . . . , st, ek+1 +ΦJ(k + 1), . . . , en +ΦJ (n)].
Theorem 1.1 now follows this equality and Theorem 2.1. 
3. Proof of Proposition 1.2
First we prove the stated relation for k = 0,
[e1, . . . , en−1, en + n] =
n−1∑
s=0
(−1)n+s−1[e1, . . . , en−1, en + s]Q
pen
n,s . (3.1)
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We will prove (3.1) and the following relation together by induction on n,
[e1, . . . , en−1, en + n− 1] =
n−2∑
s=0
(−1)n+s[e1, . . . , en−1, en + s]Q
pen
n−1,s
+ [e1, . . . , en−1]V
pen
n . (3.2)
Here, Vn = Ln/Ln−1.
We denote (3.1) and (3.2) when n = m by 3.1(m) and 3.2(m), respectively.
When n = 2 the proof is straightforward. Suppose that n > 2 and that
3.1(n− 1) and 3.2(n− 1) are true.
By Laplace development and 3.2(n− 1) we have
[e1, . . . , en−1, en + n− 1]
=
n−1∑
t=1
(−1)n+t[e1, . . . , eˆt, . . . , en−1, en + n− 1]y
pet
n + [e1, . . . , en−1]y
pen+n−1
n
=
n−1∑
t=1
(−1)n+t
( n−2∑
s=0
(−1)n+s[e1, . . . , eˆt, . . . , en−1, en + s]Q
pen
n−1,s
)
yp
et
n
+ [e1, . . . , en−1]y
pen+n−1
n
=
n−2∑
s=0
(−1)n+s
( n−1∑
t=1
(−1)n+t[e1, . . . , eˆt, . . . , en−1, en + s]y
pet
n
)
Qp
en
n−1,s
+ [e1, . . . , en−1]y
pen+n−1
n
=
n−2∑
s=0
(−1)n+s[e1, . . . , en−1, en + s]Q
pen
n−1,s
+ [e1, . . . , en−1]
n−1∑
s=0
(−1)n+s−1Qp
en
n−1,sy
pen+s
n .
Since Vn =
∑n−1
s=0 (−1)
n+s−1Qn−1,sy
ps
n (see [1], [2]), 3.2(n) is proved.
Now we prove 3.1(n). From 3.2(n) and the relation Qn,s = Q
p
n−1,s−1 +
Qn−1,sV
p−1
n (see [1], [2]) we obtain
[e1, . . . , en−1, en + n]
=
n−1∑
s=1
(−1)n+s−1[e1, . . . , en−1, en + s]Q
pen+1
n−1,s−1
+ [e1, . . . , en−1]V
pen+1
n
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=
n−1∑
s=1
(−1)n+s−1[e1, . . . , en−1, en + s]Q
pen
n,s
− [e1, . . . , en−1, en + n− 1]V
(p−1)pen
n
+
( n−2∑
s=1
(−1)n+s[e1, . . . , en−1, en + s]Q
pen
n−1,s
+ [e1, . . . , en−1]V
pen
n
)
V (p−1)p
en
n .
Combining this equality and 3.2(n) we get
[e1, e2, . . . , en−1, en + n] =
n−1∑
s=1
(−1)n+s−1[e1, . . . , en−1, en + s]Q
pen
n,s
− (−1)n[e1, . . . , en−1, en]Q
pen
n−1,0V
(p−1)pen
n .
Since Qn,0 = Qn−1,0V
p−1
n , the proof of 3.1(n) is completed.
For 0 < k < n, Proposition 1.2 follows from (3.1) and [2; I.4.7] which asserts
that
[k; ek+1, . . . , en] =
(−1)k(k−1)/2
∑
0≤s1<...<sk
(−1)s1+...+skMn,s1,...,sk [s1, . . . , sk, ek+1, . . . , en]/Ln.
The proposition is completely proved.
4. Some applications
In this section, using Theorem 1.1 and Proposition 1.2, we prove Theorem
1.3 and explicitly compute the action of StS,R on Mùi invariant Mn,s1,...,sk
when S,R are special. First we prove Theorem 1.3.
4.1. Proof of Theorem 1.3. Recall that P t = St∅,(t). From Theorem 1.1
we have
P tMn,s1,...,sk
=


[k; 0, . . . , tˆ1, . . . , tˆk+1, . . . , n], t =
k+1∑
i=1
psi−pti
p−1 , with
si−1 < ti 6 si, 1 6 i 6 k + 1,
0, otherwise.
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If tk+1 = sk+1 = n, then [k; 0, . . . , tˆ1, . . . , tˆk+1, . . . , n] = Mn,t1,...,tk . Suppose
tk+1 < n. By Proposition 1.2 we have
[k; 0, . . . , tˆ1, . . . , tˆk+1, . . . , n]
=
n−1∑
s=0
(−1)n+s−1[k; 0, . . . , tˆ1, . . . , tˆk+1, . . . , n− 1, s]Qn,s
=
n−1∑
s=0
(−1)k+1−iMn,t1,...,tˆi,...,tk+1Qn,ti
Hence Theorem 1.3 follows. 
Notation 4.2. Denote by S′ : sk+1 < · · · < sn−1 the ordered complement of a
sequence S : 1 6 s1 < . . . < sk < n in {1, . . . , n− 1}. Set ∆i = (0, . . . , 1, . . . , 0)
with 1 at the i-th place (1 6 i 6 n), ∆0 = (0, . . . , 0) and R = (r1, . . . , rn).
Here, the length of ∆i is n.
The following was proved in Mùi [3; 5.3] for R = ∆0.
Proposition 4.3. Set s0 = 0. Under the above notations, we have
StS
′,RMn,1,...,n−1 =


(−1)(k−1)(n−1−k)+st−tMs0,...,sˆt,...,sk , R = ∆st ,
k∑
t=0
(−1)k(n−k)−tMs0,...,sˆt,...,skQn,st , R = ∆n,
0, otherwise.
Proof. Note that Mn,1,...,n−1 = [n− 1; 0]. From Theorem 1.1 we obtain
StS
′,RMn,1,...,n−1 =


(−1)k(n−1−k)[k; 1, . . . , sˆ1, . . . , sˆk, . . . , n− 1, i],
R = ∆i, with i = st, 0 6 t 6 k, or i = n,
0, otherwise.
It is easy to see that
[k; 1, . . . , sˆ1, . . . , sˆk, . . . , n− 1, st] = (−1)
n−1−k+st−tMs0,...,sˆt,...,sk .
According to Proposition 1.2 we have
[k; 1, . . . ,sˆ1, . . . , sˆk, . . . , n− 1, n]
=
n−1∑
s=0
(−1)n+s−1[k; 1, . . . , sˆ1, . . . , sˆk, . . . , n− 1, s]Qn,s
=
k∑
t=0
(−1)k−tMs0,...,sˆt,...,skQn,st .
From this the proposition follows. 
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By the same argument as given in the proof of Theorem 1.3 and Proposition
4.3 we obtain the following results.
Proposition 4.4. Let ∆i be as in 4.2 and s0 = 0. Then
St∅,∆iMn,s1,...,sk =


(−1)st−tMs0,...,sˆt,...,sk , s1 > 0, i = st,
k∑
t=0
(−1)n−t−1Ms0,...,sˆt,...,skQn,st , s1 > 0, i = n,
0, otherwise.
The following proposition was proved by Hưng and Minh [4] for s = 0.
Proposition 4.5. For 0 6 s 6 n,
St(s),(0)Mn,s1,...,sk =


(−1)k+st−tMs0,...,sˆt,...,sk , s = st,
k∑
i=1
(−1)n+k+t+1Ms1,...,sˆt,...,skQn,st , s = n,
0, otherwise.
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